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ABSTRACT
Context. Rayleigh scattering is a result of an interaction of photons with bound electrons. Rayleigh scattering is mostly neglected in
calculations of hot star model atmospheres because most of the hydrogen atoms are ionized and the heavier elements have a lower
abundance than hydrogen. In atmospheres of some chemically peculiar stars, helium overabundant regions containing singly ionized
helium are present and Rayleigh scattering can be a significant opacity source.
Aims. We evaluate the contribution of Rayleigh scattering by neutral hydrogen and singly ionized helium in the atmospheres of hot
stars with solar composition and in the atmospheres of helium overabundant stars.
Methods. We computed several series of model atmospheres using the TLUSTY code and emergent fluxes using the SYNSPEC
code. These models describe atmospheres of main sequence B-type stars with different helium abundance. We used an existing
grid of models for atmospheres with solar chemical composition and we calculated an additional grid for helium-rich stars with
N(He)/N(H)=10.
Results. Rayleigh scattering by neutral hydrogen can be neglected in atmospheres of hot stars, while Rayleigh scattering by singly
ionized helium can be a non-negligible opacity source in some hot stars, especially in helium-rich stars.
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1. Introduction
The interaction of photons with bound electrons is very impor-
tant in stellar atmospheres. Processes of excitation and ionization
are very well known and have been studied in detail. However,
photons may interact with bound electrons even when photon
energy is not equal to the energy difference between any bound
levels. Rayleigh scattering is one of these processes.
Rayleigh scattering is a special kind of scattering process.
According to Loudon (1983), the scattering processes by bound
electrons are divided into three cases: fluorescence, Raman scat-
tering, and Rayleigh scattering. In the case of Rayleigh scattering
an ion is excited by a photon and transits to a virtual state. This
state is very unstable and the electron transits to the original state
immediately. If the initial state is different from the final state we
call this process Raman scattering.
Rayleigh scattering was studied by John William Strutt (Lord
Rayleigh, see Rayleigh 1870). This effect causes the blue colour
of the sky and the red colour of sunsets. Scattering centres are
oxygen and nitrogen molecules because they have the largest
abundance in the Earth’s atmosphere. Rayleigh scattering is also
an important opacity source in the atmospheres of other planets
(Buenzli et al. 2009).
Rayleigh scattering by H2 was detected in exoplanet atmo-
sphere HD209458b (Lecavelier des Etangs et al. 2008b) and it
is suspected that Rayleigh scattering is responsible for the blue
colour of exoplanet HD189733b (Lecavelier des Etangs et al.
2008a). Rayleigh scattering is an important opacity source in
cool stars because of large neutral hydrogen atom population
(see Hubeny & Mihalas 2015).
Scattering by bound electrons is often neglected in hot star
atmospheres because of the low abundance of Rayleigh scatter-
ing atoms. First, both hydrogen and helium are ionized leaving
only a small fraction in the neutral state and second, abundances
of the other elements are low. In addition, the Rayleigh scattering
cross section is smaller for atoms with a higher atomic number.
However, the population of singly ionized helium is much
larger than the population of neutral hydrogen in hot main se-
quence stars with solar composition. In addition, there are stars
with helium overabundant atmospheres, which means they have
even larger population of singly ionized helium.
The aim of this paper is to investigate the possible effect
of Rayleigh scattering by ionized helium on radiation emerging
from model atmospheres of hot stars.
2. Rayleigh scattering
Rayleigh scattering is a type of interaction of radiation with
bound electrons. The energy of an interacting photon is not equal
to any energy difference between an excited state of the atom and
the ground state. An electron is excited to an unstable virtual
state (in contrast to the line transitions), from which it transfers
immediately back to its original state. This is shown in Fig. 1.
The process of Rayleigh scattering is nicely described by the
time dependent perturbation theory. Using an electric-dipole ap-
proximation and the Krammers-Heisenberg formula for the dif-
ferential cross-section we obtain in SI units (see Loudon 1983)
dσ(ω)
dΩ =
e4ω
16c4π2ǫ20~2
×
∣∣∣∣∣∣
∑
n
( (εks D1n)(εkDn1)
ωn − ω
+
(εkD1n)(εks Dn1)
ωn + ω
) ∣∣∣∣∣∣
2
, (1)
where D ji =
〈 j∣∣∣r∣∣∣i〉 is the matrix element of the sum of the
electron position vectors (of the electron position vector for
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Fig. 1. Scheme of the Rayleigh scattering process. The bound electron
is excited by an incoming photon to a virtual state which is unstable and
the electron transits immediately to the original state.
hydrogen-like atoms). Furthermore, εk and εks are the polariza-
tion vectors for the incoming photons with wave vector k and
for the scattered photons with wave vector ks, respectively, and
ωn represents the angular frequency of the transition between the
ground state (l) and the n-th state
ωn =
En − El
~
. (2)
The sum runs over all intermediate states. Here e is the electron
charge, ε0 is the vacuum permittivity, c the speed of light, and m
the electron mass.
After some calculations described in Loudon (1983) and
Lee & Kim (2004), and after some mathematical arrangements
(Zettili 2009, Bethe & Salpeter 2008, and Landau et al. 1982)
we obtain the following equation for Rayleigh scattering cross
section in the case of one-electron atoms,
σ(ω) = 2e
4ω4
3c4πǫ20~2
∣∣∣∣∣∣
∑
n
〈
n, 1
∥∥∥r∥∥∥1, 0〉2
ωn
(
1 + ω
2
ω2n
+
ω4
ω4n
+ . . .
) ∣∣∣∣∣∣
2
,
(3)
where
〈
n, 1
∥∥∥r∥∥∥1, 0〉 is the reduced matrix element, ∥∥∥1, 0〉 rep-
resents the 1s state, and
∥∥∥n, 1〉 represents the np state, n is the
principal quantum number and p is the azimuthal quantum num-
ber (both bound states and continuum states are included). The
reduced matrix element is given by the Wigner-Eckart theorem
valid for any vector operator ˆAq (see Eq. (7.326) in Zettili 2009):〈
n′, j′,m′
∣∣∣ ˆAq∣∣∣n, j,m〉 = 〈 j, 1; m, q∣∣∣ j′,m′〉〈n′, j′∥∥∥A∥∥∥n, j〉. (4)
The first matrix element on the right side of Eq. (4) is the
Clebsch-Gordan coefficient. It is possible to rewrite Eq. (3) in
terms of dimensionless angular frequency ω˜n and dimensionless
position vector r˜ (see Lee & Kim 2004),
σ(ω) = σe
(
ω
ωL
)4 ∣∣∣∣∣∣
∑
n
〈
n, 1
∥∥∥r˜∥∥∥1, 0〉2
ω˜n
×
1 + 1ω˜2n
ω2
ω2L
+
1
ω˜4n
ω4
ω4L
+ . . .

∣∣∣∣∣∣
2
, (5)
where
ω˜n =
ωn
ωL
, r˜ =
r
a0
, (6)
the angular frequency of Lyman limit ωL and Bohr radius a0 are
ωL =
e4m
32~3ǫ20π2
, a0 =
4πǫ0~2
me2
, (7)
and σe is the Thomson scattering cross section
σe =
e4
6ε20c4m2π
= 0.665 × 10−24 cm2. (8)
2.1. Cross section for Rayleigh scattering on hydrogen
First, we consider only hydrogen atoms. In this case, the re-
duced matrix elements can be calculated analytically. According
to Lee & Kim (2004), the total cross section for Rayleigh scat-
tering by neutral hydrogen is equal to
σ( f )
1 cm2
≈ 8.4147 × 10
−25
1 cm2
(
ω
ωL
)4
+
2.4855× 10−24
1 cm2
(
ω
ωL
)6
+
5.8604× 10−24
1 cm2
(
ω
ωL
)8
+
4.2736× 10−23
1 cm2
(
ω
ωL
)10
+
2.6546 × 10−23
1 cm2
(
ω
ωL
)12
+
5.3933 × 10−23
1 cm2
(
ω
ωL
)14
+ · · · , (9)
where f = ω2π .
2.2. Cross section for Rayleigh scattering on hydrogen-like
atoms
The radial wavefunction of hydrogen-like atoms is given by (see
Landau & Lifshitz 1977)
RZ,nl(r) = 1(2l + 1)!
√
(n + l)!
2n(n − l − 1)!
(
2Z
na0
)3/2
exp
(
− Zr
na0
) (
2Zr
na0
)l
× F
(
l + 1 − n, 2l + 2, 2Zr
na0
)
, (10)
where n is the principal quantum number, l is the orbital quan-
tum number, Z is the atomic number, a0 is the Bohr radius, and
F
(
l + 1 − n, 2l + 2, 2Zr
na0
)
is the hypergeometric function. It can be
seen that
RZ,nl(r) = Rnl(Zr)Z3/2, (11)
where Rnl(r) are radial wavefunctions of hydrogen. For the ma-
trix element we obtain
〈
npm
∣∣∣z∣∣∣1s0〉Z =
2π∫
0
dϕ
π∫
0
dθ sin θ
∞∫
0
dr r2Z3/2R10(Zr)Y00(θ, ϕ)
× Z3/2Rn1(Zr)Y1m(θ, ϕ)r cos(θ) = 1Z
〈
npm
∣∣∣z∣∣∣1s0〉Z=1. (12)
Using this result, the Wigner-Eckart theorem, and the fact that
the energies of the excited states scale with the factor Z2 we ob-
tain
σ(ω) = σe
(
ω
ωL
)4 ∣∣∣∣∣∣
∑
n
〈
np
∥∥∥r∥∥∥1s〉2
Z4ω˜n
×
1 + 1Z4ω˜2n
ω2
ω2L
+
1
Z8ω˜4n
ω4
ω4L
+ . . .

∣∣∣∣∣∣
2
, (13)
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where the meaning of the symbols is the same as in Eq. (5).
Using the same approach as in Lee & Kim (2004), we get for
the Rayleigh scattering cross section by hydrogen-like atoms
σ( f )
1 cm2
≈ 1
Z8
5.5758 × 10−25
1 cm2
(
ω
ωL
)4
+
1
Z12
1.8567× 10−24
1 cm2
(
ω
ωL
)6
+
1
Z16
4.9480 × 10−24
1 cm2
(
ω
ωL
)8
+ · · · . (14)
Finally, for singly ionized helium (Z = 2) we obtain
σ( f )
1 cm2
≈ 3.2870 × 10
−27
1 cm2
(
ω
ωL
)4
+
6.0682 × 10−28
1 cm2
(
ω
ωL
)6
+
8.9423 × 10−29
1 cm2
(
ω
ωL
)8
+ · · · . (15)
It can be easily seen that the expression on the right-hand side
of Eq. (1) adapted to the hydrogen atom and also the corre-
sponding expression on the right-hand side of Eq. (3) converges
only for ω/ωL ≪ 1. We have checked that for λ > 1500 Å
the cross section for the hydrogen atom can be approximated
within a precision of about 5% by the sum of the first six terms
of the series that are given explicitly in Eq. (9). The cross section
for the singly ionized helium can be similarly approximated for
λ > 1000 Å by the sum of the first three terms of the correspond-
ing series that are given explicitly in Eq. (15). The results were
obtained using the approximations mentioned above.
2.3. Rayleigh scattering opacity
We can estimate the opacity due to the Rayleigh scattering using
the formula
χ ∼ niσi,
where ni is number density of particles i (which stands for H i
or He ii) and σi is the corresponding Rayleigh scattering cross
section. In Table 1 we list relative estimates of the opacity
caused by Rayleigh scattering for hydrogen and singly ionized
helium. The number densities of particles were taken from com-
puted models by the TLUSTY code and cross sections from
Hubeny & Mihalas (2015) and Eq. (15). From this table it fol-
lows that the opacity of Rayleigh scattering by singly ionized
helium is approximately ten times larger than the opacity of
Rayleigh scattering by neutral hydrogen in atmospheres with
solar chemical composition. It is approximately one thousand
times larger in helium-rich atmospheres (N(He) = 10 N(H)).
Consequently, Rayleigh scattering by singly ionized helium can
be a more significant opacity source than Rayleigh scattering by
neutral hydrogen. For stars with enhanced helium abundance,
like helium-rich chemically peculiar stars, Rayleigh scattering
by singly ionized helium may be an even stronger opacity source.
However, the opacity due to Rayleigh scattering by singly ion-
ized helium is significantly smaller than the opacity due to hy-
drogen bound-free transitions and free electrons, which domi-
nate the continuum opacity in hot star atmospheres.
3. Computation of model atmospheres
For our analysis we used several series of NLTE models for
atmospheres of main sequence B-type stars with solar chemi-
cal composition and of helium-rich stars with enhanced helium
Table 1. Opacity of Rayleigh scattering at τRoss ≈ 1 for a model atmo-
sphere with Teff = 23 000K together with its comparison with the opac-
ities of the Balmer continuum and electron scattering. The cross section
is calculated for frequency 2.4 × 1015 s−1 where the flux is largest (ac-
cording to Wien’s displacement law). In this table n stands for particle
number density, σ for the Rayleigh scattering cross section, and χ for
the opacity. Lower subscripts He ii and H i of cross section and opacity
stand for Rayleigh scattering and e for free electrons. χH i2 is the Balmer
continuum opacity and nH i2 number of hydrogen atoms with n = 2.
solar chemical composition helium-rich stars
nHe ii ≈ 104nH i nHe ii ≈ 106nH i
σHe ii ≈ 10−3σH i
χHe ii ≈ 10χH i χHe ii ≈ 103χH i
nHe ii ≈ 10−1ne nHe ii ≈ ne
σHe ii ≈ 10−3σe
χHe ii ≈ 10−4χe χHe ii ≈ 10−3χe
nHe ii ≈ 105nH i2 nHe ii ≈ 106nH i2
σHe ii ≈ 10−9σH i2
χHe ii ≈ 10−4χH i2 χHe ii ≈ 10−2χH i2
χHe ii ≈ 10−4 (χH i2 + χe) χHe ii ≈ 10−3 (χH i2 + χe)
Table 2. Solar chemical composition (relative number of particles,
adopted from Grevesse & Sauval 1998) and chemical composition of
helium-rich stars.
H He other
solar composition 91.2 % 8.7 % 0.1 %
He-rich stars 9.08 % 90.82 % 0.1 %
Table 3. Parameters used for computed models of atmospheres.
Teff solar ab. N(He)/N(H) = 10
15000 ✔ ✕
16000 ✔ ✕
17000 ✔ ✕
18000 ✔ ✕
19000 ✔ ✔
20000 ✔ ✔
21000 ✔ ✔
22000 ✔ ✔
23000 ✔ ✔
24000 ✔ ✔
25000 ✔ ✔
26000 ✔ ✔
27000 ✔ ✔
28000 ✔ ✔
29000 ✔ ✔
30000 ✔ ✔
abundance N(He)/N(H) = 10 (N denotes number density). We
used model atmospheres for effective temperatures between 15
and 30 kK and surface gravity log g = 4 (see Table 3).
For atmospheres with solar chemical composition we used
models from the grid (Lanz & Hubeny 2003, 2007) calculated
with the TLUSTY1 code. Since there are no model grids avail-
able for helium overabundant stars, we calculated them ourselves
using the TLUSTY code (Hubeny 1988; Hubeny & Lanz 1995).
To be consistent with the precalculated grid of Lanz & Hubeny
(2003, 2007), for all other elements except hydrogen and helium
we used the solar composition adopted by Grevesse & Sauval
(1998).
1 http://nova.astro.umd.edu/
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Fig. 2. Adopted values of Rayleigh scattering cross section by neutral
hydrogen (full line) and singly ionized helium (dotted line) in compari-
son with scattering cross section by free electrons (dashed line).
In the following step we used the SYNSPEC2 code to cal-
culate the emergent flux. In this step we added a new opacity
source – Rayleigh scattering by singly ionized helium – to the
SYNSPEC source code. This new part of the code is very simi-
lar to the part that computes Rayleigh scattering by neutral hy-
drogen. Using the code we computed synthetic spectra with and
without Rayleigh scattering included.
For easier comparison of the computed synthetic spectra,
we convolved the computed emergent fluxes with the Gaussian
function g(λ)
(H ∗ g)(λ) = 1√
2πσ
∫
dλ′ H(λ′) exp
(
− (λ − λ
′)2
2σ2
)
,
where σ = 10 Å is the width of the Gaussian function, H(λ) is
the emergent flux, and λ denotes the wavelength. Convolution
makes the emergent flux smoother, and we are mainly interested
in continuum changes. We compared convolved emergent fluxes
between models with and without Rayleigh scattering. We plot-
ted the difference between emergent spectra in magnitudes given
by
∆m = −2.5 log H+
H−
, (16)
where H+ is the emergent flux with Rayleigh scattering included
and H− is the flux without Rayleigh scattering included.
4. Influence of Rayleigh scattering on emergent
stellar radiation
The computed difference in emergent fluxes depends on the at-
mospheric chemical composition and the scattering cross section
of the given ion. The difference also depends on the stellar ef-
fective temperature because ionization and excitation equilibria
depend on temperature.
4.1. Scattering by neutral hydrogen
We expected very small changes when adding Rayleigh scatter-
ing by neutral hydrogen. Rayleigh scattering by neutral hydro-
gen is included in the SYNSPEC code as an optional opacity
2 http://nova.astro.umd.edu/Synspec49/synspec.html
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Fig. 3. Dependence of difference of emergent fluxes with and without
Rayleigh scattering by H i included for given effective temperatures and
solar chemical composition.
source. Our calculations confirmed its weaker influence on emer-
gent fluxes for temperatures larger than 21000 K (in compari-
son to scattering by He ii; see Fig. 3). The differences decrease
rapidly with the increasing effective temperature of the star.
4.2. Scattering by singly ionized helium
In atmospheres with solar chemical composition the opacity due
to the Rayleigh scattering by singly ionized helium is larger than
the opacity due to the Rayleigh scattering by hydrogen for the
temperatures in the interval (21, 30) kK. This causes greater dif-
ferences between emergent fluxes, which also depend on the stel-
lar effective temperatures (see Fig. 4, where fluxes for selected
models are plotted). For lower effective temperatures the magni-
tude difference increases with increasing effective temperature,
but for effective temperatures higher than about 25 kK the mag-
nitude difference decreases. This behaviour is caused by the pop-
ulation of singly ionized helium, which increases with increasing
effective temperature for cooler stars because of neutral helium
ionization; instead, in stars with effective temperatures higher
than 25 kK, the process of ionization of singly ionized helium
becomes more significant and lowers the He ii abundance.
The Rayleigh scattering cross section is larger in the ultravio-
let region (see Eq. 15). Consequently, Rayleigh scattering redis-
tributes the flux from the short-wavelength part of the spectrum
to longer wavelengths and the magnitude difference decreases
with increasing wavelength.
We show the contribution of Rayleigh scattering by H i and
He ii (see Fig 5). We plotted differences only for temperatures in
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Fig. 4. Dependence of difference of emergent fluxes with and without
Rayleigh scattering by He ii included for given effective temperatures
and solar chemical composition.
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Fig. 5. Dependence of difference of emergent fluxes with and without
Rayleigh scattering by H i and He ii included for given effective temper-
atures and solar chemical composition.
the interval (18000, 24000) K. In this interval the contributions
of both processes are of the same order.
The magnitude difference is roughly an order of magnitude
larger in the case of helium-rich stars (see Fig. 6). For the case of
inhomogeneous surface distribution of helium (like in CP stars)
the synthetic spectra or lightcurves with these distributions must
be computed. For such stars the changes due to the Rayleigh
scattering are larger than a typical precision of space-based pho-
tometry.
5. Conclusions
In this paper we study the effect of Rayleigh scattering on the
emergent fluxes in hot stars. We derived the Rayleigh scatter-
ing cross section for He ii (see Eq. 15). We included this expres-
sion into the SYNSPEC source code. Input models were com-
puted using the TLUSTY code (for helium overabundant stars)
or we used a model grid of B stars (for stars with stellar chemical
composition). We compared computed emergent fluxes with and
without Rayleigh scattering.
The computed differences are relatively small. For stars with
solar composition the magnitude difference is of the order of
10−5, while for helium overabundant stars the difference is an
order of magnitude higher. The stellar winds are accelerated
mostly in the UV region; we can thus expect some influence
on the line driving. However, this analysis cannot be done with
a static model atmosphere code like TLUSTY (SYNSPEC).
Rayleigh scattering is also a potentially important source of
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opacity in other stars with a large abundance of helium, for ex-
ample white dwarfs, Wolf-Rayet stars, and subdwarfs.
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